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Abstract
Starting from the three-dimensional Cosserat elasticity, we derive a two-dimensional model for isotropic
elastic shells. For the dimensional reduction, we employ a derivation method similar to that used in classical
shell theory, as presented systematically by Steigmann in [J. Elast. 111: 91-107, 2013]. As a result, we
obtain a geometrically nonlinear Cosserat shell model with a specific form of the strain-energy density, which
has a simple expression with coefficients depending on the initial curvature tensor and on three-dimensional
material constants. The explicit forms of the stress-strain relations and the local equilibrium equations are
also recorded. Finally, we compare our results with other 6-parameter shell models and discuss the relation
to the classical Koiter shell model.
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1 Introduction
Elastic shell theory is an important branch of the mechanics of deformable bodies, in view of its applications in
engineering. It is also a current domain of active research, because scientists are looking for new shell models,
with better properties. This task is not easy, since the shell model should be simple enough to be manageable
in practical engineering problems, but on the other side it should be complex enough to account for relevant
curvature and three-dimensional effects.
The classical shell theory, also called the first order approximation theory, presents relatively simple shell
models (e.g., the well-known Koiter shell model), but it is not applicable to all shell problems. The classical
approach can be employed only if the Kirchhoff-Love hypotheses are satisfied; moreover, one can observe the
effect of accuracy loss in classical shell theory for certain problems (see, e.g. [2]). Therefore, more refined shell
theories are needed.
One of the most general theories of shells, which has been much developed in the last decades, is the so-called
6-parameter shell theory. This approach has been initially proposed by Reissner [25]. The theory of 6-parameter
shells, presented in the books [16, 8], involves two independent kinematic fields: the translation vector (3 degrees
of freedom) and the rotation tensor (3 additional degrees of freedom). Some of the achievements of this general
shell theory have been presented in [9, 14, 23]. We mention that the kinematical structure of 6-parameter
shells is identical to the kinematical structure of Cosserat shells, which are regarded as deformable surfaces
with a triad of rigid directors describing the orientation of material points. Thus, the rotation tensor in the
6-parameter model accounts for the orientation change of the triad of directors. General results concerning the
existence of minimizers in the 6-parameter shell theory have been presented in [4].
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In order to be useful in practice, the shell model should present a concrete (specific) form of the constitutive
relations and strain-energy density. The specific form should satisfy these two requirements: the coefficients
of the strain-energy density should be determined in terms of the three-dimensional material constants and
they should depend on the (initial) curvature tensor b of the reference configuration. In the literature of 6-
parameter shells, we were not able to find a satisfactory strain-energy density for isotropic shells: the available
specific forms are either too simple (in the sense that the coefficients are constant, i.e. independent of the initial
curvature b), or they are general functions of the strain measures, which coefficients are not identified in terms
of three-dimensional material constants.
Our present work aims to fill this gap and establishes a specific form for the strain-energy density of isotropic
6-parameter (Cosserat) elastic shells, together with explicit stress-strain relations, which fulfill the above re-
quirements. In this model, we retain the terms up to the order O(h3) with respect to the shell thickness h
and derive a relatively simple expression of the strain-energy density, which can be used in applications. To
obtain the two-dimensional strain-energy density (i.e., written as a function of (x1, x2), the surface curvilinear
coordinates), we descend from a Cosserat three-dimensional elastic model and apply the derivation method from
the classical theory of shells, which was systematically presented by Steigmann in [27, 28, 29]. Thus, in Sec-
tion 2 we introduce the three-dimensional Cosserat continuum in curvilinear coordinates, with the appropriate
strain measures (2), (3), equilibrium equations (4) and constitutive relations (5)-(8). In Section 3, we describe
briefly the geometry of surfaces and the kinematics of 6-parameter shells, and define the shell strain tensor and
bending-curvature tensor (35).
In the main Section 4, we derive the two-dimensional shell model by performing the integration over the
thickness and using the aforementioned derivation method [29], inspired by the classical shell theory. Here, we
adopt some assumptions which are common in the shell approaches (such as, for instance, the stress vectors on
the major faces of the shells are of order O(h3)) and are able to neglect some higher-order terms to obtain a
simplified form of the strain-energy density (67). For the sake of completeness, we also present the equilibrium
equations for 6-parameter (Cosserat) shells (89), which we deduce from the condition that the equilibrium state
is a stationary point of the energy functional.
Section 5 is devoted to further remarks and comments on the derived Cosserat shell model. We introduce
the fourth-order tensor of elastic moduli for shells (95), (99) and present the explicit form of the stress-strain
relations (106). In order to compare our results with other 6-parameter shell models, we write the strain-energy
density in an alternative useful form (112). We pay special attention to the comparison with the Cosserat shell
model of order O(h5) which has been presented recently in [3]. Although the derivation methods are different,
we obtain the same form of the strain-energy density, except for the coefficients of the transverse shear energy,
which are unequal. The value of the transverse shear coefficient derived in the present work is confirmed by the
results obtained previously through Γ-convergence in [21] for the case of plates.
Finally, we discuss in Subsection 5.3 the relation between our 6-parameter shell model and the classical
Koiter model. We show that, if we adopt appropriate restrictions (the material is a Cauchy continuum and the
Kirchhoff-Love hypotheses are satisfied), we are able to reduce the form of our strain-energy density to obtain
the classical Koiter energy, see (132).
Notations
Let us present next some useful notations which will be used throughout this paper. The Latin indices i, j, k, ...
range over the set {1, 2, 3}, while the Greek indices α, β, γ, ... range over the set {1, 2}. The Einstein summation
convention over repeated indices is used. A subscript comma preceding an index i (or α) designates partial
differentiation with respect to the variable xi (oder xα , respectively), e.g. f,i=
∂f
∂xi
. We denote by δji the
Kronecker symbol, i.e. δji = 1 for i = j, while δ
j
i = 0 for i 6= j.
We employ the direct tensor notation. Thus, ⊗ designates the dyadic product, 13 = gi ⊗ g
i is the unit
second order tensor in the 3-space, and axl(W ) stands for the axial vector of any skew-symmetric tensor W .
Let tr(X) denote the trace of any second order tensor X. The symmetric part, skew-symmetric part, and
deviatoric part of X are defined by
symX =
1
2
(
X +XT
)
, skewX =
1
2
(
X −XT
)
, dev3X =X −
1
3
(
trX
)
13 .
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The scalar product between any second order tensors A = Aijgi ⊗ gj = Aij g
i ⊗ gj and B = Bklgk ⊗ gl =
Bkl g
k ⊗ gl is denoted by
A : B = tr
(
ATB
)
= AijBij = AklB
kl .
If C = Cijklgi ⊗ gj ⊗ gk ⊗ gl is a fourth-order tensor, then we use the corresponding notations
C : B = CijklBkl gi ⊗ gj , A : C = C
ijklAij gk ⊗ gl , A : C : B = C
ijklAij Bkl .
For any vector v = vigi = vi g
i we write as usual
Av = Aijvj gi = Aijv
j gi and vA = ATv = Aijvi gj = Aijv
i gj .
2 Three-dimensional Cosserat elastic continua
Let us consider a three-dimensional Cosserat body which occupies the domain Ωξ ⊂ R
3 in its reference config-
uration. The deformation is characterized by the vectorial map ϕξ : Ωξ → Ωc (here is Ωc ⊂ R
3 the deformed
configuration) and the microrotation tensor Rξ : Ωξ → SO(3) (the special orthogonal group).
On the reference configuration Ωξ we consider a system of curvilinear coordinates (x1, x2, x3), which are
induced by the parametric representation Θ : Ωh → Ωξ with (x1, x2, x3) ∈ Ωh . Using the common notations,
we introduce the covariant base vectors gi :=
∂Θ
∂xi
= Θ,i and the contravariant base vectors g
i with gj ·gi = δ
j
i .
Let
ϕ : Ωh → Ωc , ϕ(x1, x2, x3) := ϕξ
(
Θ(x1, x2, x3)
)
,
be the deformation function and
F ξ = ϕ,i⊗ g
i
the deformation gradient. We refer the domain Ωh to the orthonormal vector basis {e1, e2, e3}, such that
(x1, x2, x3) = xiei and ∇xΘ = Θ,i ⊗ei = gi ⊗ ei . The microrotation tensor can be represented as
Rξ = di ⊗ d
0
i ,
where {d01 ,d
0
2 ,d
0
3 } is the orthonormal triad of directors in the reference configuration Ωξ and {d1 ,d2 ,d3 } is
the orthonormal triad of directors in the deformed configuration Ωc . We denote by Qe the elastic microrotation
given by
Qe : Ωh → SO(3), Qe(x1, x2, x3) := Rξ
(
Θ(x1, x2, x3)
)
.
We choose the initial microrotation tensor Q0 such that
Q0 = polar (∇xΘ) ∈ SO(3) and Q0 = d
0
i ⊗ ei . (1)
Let
E := QTe F ξ − 13 (2)
denote the (non-symmetric) strain tensor for nonlinear micropolar media and
Γ := axl
(
QTeQe,i
)
⊗ gi (3)
be the wryness tensor (see e.g., [22, 24, 7]), which is a strain measure for curvature (orientation change).
The local equations of equilibrium can be written in the form
DivT + f = 0, DivM − axl
(
F ξT
T − T TF ξ
)
+ c = 0, (4)
where T andM are the stress tensor and the couple stress tensor (of the first Piola-Kirchhoff type), f and c are
the external body force and couple vectors. To the balance equations (4) one can adjoin boundary conditions.
Under hyperelasticity assumptions, the stress tensors T andM are expressed by the constitutive equations
QTe T =
∂W
∂E
, QTeM =
∂W
∂Γ
, (5)
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where W = W (E,Γ) is the elastically stored energy density. Using the Cosserat model for isotropic materials
presented in [20, 3], we assume the following representation for the energy density
W (E,Γ) =Wmp(E) +Wcurv(Γ), (6)
Wmp(E) = µ ‖ dev3 symE ‖
2 + µc ‖ skewE ‖
2 +
κ
2
(
trE
)2
(7)
= µ ‖ symE ‖2 + µc ‖ skewE ‖
2 +
λ
2
(
trE
)2
,
Wcurv(Γ) = µL
2
c
(
b1 ‖ dev3 symΓ‖
2 + b2 ‖ skewΓ‖
2 + b3
(
trΓ
)2 )
(8)
= µL2c
(
b1 ‖ symΓ‖
2 + b2 ‖ skewΓ‖
2 +
(
b3 −
b1
3
)(
trΓ
)2 )
,
where µ > 0 is the shear modulus, λ the Lame´ constant, κ = 1
3
(3λ+2µ) is the bulk modulus of classical isotropic
elasticity, and µc ≥ 0 is the so-called Cosserat couple modulus, b1 , b2 , b3 > 0 are dimensionless constitutive
coefficients and the parameter Lc > 0 introduces an internal length which is characteristic for the material.
We remark that the model is geometrically nonlinear (since the strain measures E , Γ are nonlinear functions
of ϕ,Qe), but it is physically linear in view of (5)-(8). Thus, let us denote by
C = Cijklgi ⊗ gj ⊗ gk ⊗ gl and G = G
ijklgi ⊗ gj ⊗ gk ⊗ gl
the fourth-order tensors of the elastic moduli such that
QTe T = C : E = 2µ dev3 symE + 2µc skewE + κ(trE)13 = 2µ symE + 2µc skewE + λ(trE)13 ,
QTeM = G : Γ = 2µL
2
c
(
b1 dev3 symΓ+ b2 skewΓ+ b3
(
trΓ
)
13
)
.
(9)
By virtue of (9), we see that the tensor components are
Cijkl = µ
(
gikgjl + gilgjk
)
+ µc
(
gikgjl − gilgjk
)
+ λ gijgkl ,
Gijkl = µL2c
(
b1
(
gikgjl + gilgjk
)
+ b2
(
gikgjl − gilgjk
)
+ 2
(
b3 −
b1
3
)
gijgkl
)
,
(10)
which satisfy the major symmetries Cijkl = Cklij , Gijkl = Gklij . Hence, we have
Wmp(E) =
1
2
(
QTe T
)
: E =
1
2
E : C : E , Wcurv(Γ) =
1
2
(
QTeM
)
: Γ =
1
2
Γ : G : Γ . (11)
Under these assumptions, the deformation function ϕ and microrotation tensor Qe are the solution of the
following minimization problem
I =
∫
Ωξ
W
(
E,Γ
)
dV → min w.r.t. (ϕ,Qe ) . (12)
For the sake of simplicity, we assume here that no external body and surface loads are present. The existence
of minimizers to this energy functional has been proved by the direct methods of the calculus of variations (see,
e.g., [18, 20]).
3 Geometry and kinematics of three-dimensional Cosserat shells
For a shell-like three-dimensional Cosserat body, the parametric representation Θ has the special form (see,
e.g., [10, 16, 8])
Θ(x) = y0(x1, x2) + x3 n0(x1, x2), (13)
where n0 =
y0,1 × y0,2
‖y0,1 × y0,2‖
is the unit normal vector to the surface ωξ , defined by the position vector y0(x1, x2).
The parameter domain Ωh has the special form
Ωh =
{
(x1, x2, x3)
∣∣∣ (x1, x2) ∈ ω ⊂ R2, x3 ∈ (− h
2
,
h
2
)}
,
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where h is the thickness. Thus, (x1, x2) are curvilinear coordinates on the midsurface ωξ = y0(ω) and x3 is the
coordinate through the thickness of the shell-like body Ωξ .
We denote the covariant and contravariant base vectors in the tangent plane of ωξ as usual by
aα =
∂y0
∂xα
= y0,α , a
β · aα = δ
β
α (α, β = 1, 2) and set a3 = a
3 = n0 .
The surface gradient and surface divergence are then defined by
Grads f =
∂f
∂xα
⊗ aα = f ,α⊗a
α , Divs T = T ,α a
α .
We introduce the first and second fundamental tensors of the surface ωξ by
a := Grads y0 = aα ⊗ a
α = aαβa
α ⊗ aβ = aαβaα ⊗ aβ ,
b := −Gradsn0 = −n0,α ⊗ a
α = bαβ a
α ⊗ aβ = bαβ aα ⊗ a
β ,
(14)
which are symmetric. We shall also need the skew-symmetric tensor c , called the alternator tensor in the
tangent plane, defined by
c :=
1
a
εαβ aα ⊗ aβ = a εαβ a
α ⊗ aβ, with a :=
√
det
(
aαβ
)
> 0, (15)
where εαβ is the two-dimensional alternator (ε12 = −ε21 = 1 , ε11 = ε22 = 0) and a(x1, x2) determines the
elemental area of the surface ωξ . In view of (1) and (13), we can show that (see [3, f. (46)])
n0 = d
0
3 = Q0e3 . (16)
The fundamental tensors satisfy the relation of Cayley-Hamilton type
b2 − 2Hb+Ka = 0, 2H := tr b = bαα , K := det b = det
(
bαβ
)
, (17)
where H and K are the mean curvature and the Gauß curvature of the surface ωξ , respectively. We note that
a plays the role of the identity tensor in the tangent plane and designate by
b∗ := −b+ 2Ha (18)
the cofactor of b in the tangent plane, since b b∗ = Ka in view of (17)1 . Let us introduce the tensors
µ := a− x3 b, µ
−1 :=
1
b
(a − x3 b
∗), with µµ−1 = µ−1µ = a, (19)
where b is the determinant
b := detµ = 1− 2H x3 +K x
2
3 . (20)
By virtue of gi = Θ,i and (13), (19), we find the relations
gα = µaα , g
α = µ−1aα , g3 = g
3 = n0 , (21)
which are well-known in the literature on shells. Hence, we have
µ = gα ⊗ a
α = aα ⊗ gα , µ
−1 = gα ⊗ aα = aα ⊗ g
α . (22)
In the derivation of the shell model we shall employ the expansion of various functions with respect to x3
about 0. Therefore, we denote the derivative of functions with respect to x3 with a prime, i.e. f
′ :=
∂f
∂x3
.
We can decompose the deformation gradient as follows
F ξ = F ξ 13 = F ξ(a + n0 ⊗ n0) = F ξ a+ (F ξn0)⊗ n0 , (23)
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where
F ξn0 = (ϕ,i⊗ g
i)n0 = ϕ,3= ϕ
′ and (24)
F ξ a = (Gradsϕ)µ
−1 . (25)
To prove (25), we use (21), (22) and write
F ξ a = (ϕ,i⊗ g
i)a = ϕ,α⊗ g
α = (ϕ,α⊗a
α)(aβ ⊗ g
β) = (Grads ϕ)µ
−1 .
Substituting (24) and (25) into (23), we get
F ξ = (Gradsϕ)µ
−1 +ϕ′ ⊗ n0 . (26)
We shall also need the derivatives of F ξ with respect to x3 . These are
F ′ξ = (Gradsϕ
′)µ−1 + (Grads ϕ)
(
µ−1
)′
+ϕ′′ ⊗ n0 ,
F ′′ξ = (Gradsϕ
′′)µ−1 + 2(Gradsϕ
′)
(
µ−1
)′
+ (Grads ϕ)
(
µ−1
)′′
+ϕ′′′ ⊗ n0 .
(27)
Differentiating (19) with respect to x3 , we deduce
µ′ = −b, µ′′ = 0,
(
µ−1
)′
= µ−1bµ−1,
(
µ−1
)′′
= 2µ−1bµ−1bµ−1. (28)
Let us take x3 = 0 in relations (26)-(28). In what follows, we employ the notation f0 := f
∣∣x3=0 for any function
f . Thus, we have
µ0 = a,
(
µ−1
)
0
= a,
(
µ−1
)′
0
= b,
(
µ−1
)′′
0
= 2b2 (29)
and
(F ξ)0 = (Grads ϕ)0 +ϕ
′
0 ⊗ n0 ,
(F ξ)
′
0 = (Grads ϕ
′)0 + (Gradsϕ)0 b+ϕ
′′
0 ⊗ n0 ,
(F ξ)
′′
0 = (Gradsϕ
′′)0 + 2(Grads ϕ
′)0 b+ 2(Grads ϕ)0 b
2 +ϕ′′′0 ⊗ n0 .
(30)
Let us write the Taylor expansion of the deformation function ϕ(x1, x2, x3) with respect to x3 in the form
ϕ(x1, x2, x3) =m(x1, x2) + x3 α(x1, x2) +
x23
2
β(x1, x2) +
x33
6
γ(x1, x2) + · · · , (31)
where
m = ϕ∣∣x3=0 = ϕ0 , α = ϕ′∣∣x3=0 = ϕ′0 , β = ϕ′′∣∣x3=0 = ϕ′′0 etc. (32)
On the other hand, we assume that the microrotation tensor Qe does not depend on x3 , i.e.
Qe(xi) = Qe(x1, x2). (33)
By virtue of (30)-(33), we can write the strain tensor E = QTe F ξ − 13 and its derivatives on the midsurface
x3 = 0 :
E0 = Q
T
e
(
F ξ
)
0
− 13 = Q
T
e
(
Gradsm+α⊗ n0
)
− 13 ,
E
′
0 = Q
T
e
(
F ξ
)′
0
= QTe
[
Gradsα+
(
Gradsm
)
b+ β ⊗ n0
]
,
E
′′
0 = Q
T
e
(
F ξ
)′′
0
= QTe
[
Grads β + 2
(
Gradsα
)
b+ 2
(
Gradsm
)
b2 + γ ⊗ n0
]
.
(34)
We note that the surface ωξ (characterized by x3 = 0) is the midsurface of the reference shell Ωξ , while
m(x1, x2) and Qe(x1, x2) represent the deformation vector and microrotation tensor, respectively, for this
reference midsurface ωξ . Corresponding to m and Qe we introduce now the elastic shell strain tensor E
e
and the elastic shell bending-curvature tensor Ke, which are usually employed in the 6-parameter shell theory
[16, 8, 13, 4, 5]
Ee := QTe Gradsm− a, K
e := axl
(
QTeQe,α
)
⊗ aα. (35)
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These strain measures describe the deformation of the midsurface ωξ , see e.g. [6, 7]. With the help of (35)1
and the decomposition 13 = a+ n0 ⊗ n0 we can write the relation (34)1 in the form
E0 = E
e +
(
QTe α− n0
)
⊗ n0 = E
e +QTe
(
α− d3
)
⊗ n0 . (36)
In the same way, we can compute the wryness tensor Γ and its derivatives on the midsurface x3 = 0 in terms
of the bending-curvature tensor Ke. In view of (21), (29) and (33) we have
Γ0 =
(
axl
(
QTeQe,i
)
⊗ gi
)
x3=0
= axl
(
QTeQe,α
)
⊗ aα =Ke,
Γ ′0 =
(
axl
(
QTeQe,i
)
⊗ gi
)′
x3=0
= axl
(
QTeQe,α
)
⊗
[(
µ−1
)′
0
aα
]
=
[
axl
(
QTeQe,α
)
⊗ aα
]
b =Keb,
Γ ′′0 = axl
(
QTeQe,α
)
⊗
[(
µ−1
)′′
0
aα
]
= 2
[
axl
(
QTeQe,α
)
⊗ aα
]
b2 = 2Keb2.
(37)
These expressions will be useful in the sequel.
4 Derivation of the two-dimensional shell model
In order to obtain the expression of the elastically stored energy density for the two-dimensional shell model, we
shall integrate the strain energy density W over the thickness and then perform some simplifications, suggested
by the classical shell theory. Thus, in view of (12) the total elastically stored strain-energy is
I =
∫
Ωξ
W
(
E,Γ
)
dV =
∫
ωξ
( ∫ h/2
−h/2
W
(
E,Γ
)
b(x1, x2, x3) dx3
)
da, (38)
where b(xi) is given by (20) and da = a(x1, x2) dx1dx2 =
√
det(aαβ) dx1dx2 is the elemental area of the
midsurface ωξ .
4.1 Integration over the thickness
With a view toward integrating with respect to x3 , we expand the integrand from (38) in the form
Wb =
(
Wb
)
0
+ x3
(
Wb
)′
0
+
1
2
x23
(
Wb
)′′
0
+O(x33)
and find ∫ h/2
−h/2
Wb dx3 = h
(
Wb
)
0
+
h3
24
(
Wb
)′′
0
+ o(h3). (39)
By differentiating (20) we get b0 = 1 , b
′
0 = −2H , b
′′
0 = 2K . Hence, we have(
Wb
)
0
=W0 b0 =W0 ,(
Wb
)′
0
=
(
W ′b+Wb′
)
0
=W ′0 − 2HW0 ,
(Wb)′′0 =W
′′
0 − 4HW
′
0 + 2KW0 .
(40)
Inserting (40) into (39) we obtain the expression∫ h/2
−h/2
Wb dx3 =
(
h+
h3
12
K
)
W0 +
h3
24
(
W ′′0 − 4HW
′
0
)
+ o(h3). (41)
According to our constitutive assumptions (6)-(11), we can write
W0 =Wmp(E0) +Wcurv(Γ0) =
1
2
E0 : C : E0 +
1
2
Γ0 : G : Γ0 =
1
2
(
QTe T 0
)
: E0 +
1
2
(
QTeM0
)
: Γ0 ,
W ′0 = E
′
0 : C : E0 + Γ
′
0 : G : Γ0 =
(
QTe T 0
)
: E
′
0 +
(
QTeM0
)
: Γ′0 ,
W ′′0 = E
′′
0 : C : E0 +E
′
0 : C : E
′
0 + Γ
′′
0 : G : Γ0 + Γ
′
0 : G : Γ
′
0
=
(
QTe T 0
)
: E
′′
0 +
(
QTe T
′
0
)
: E
′
0 +
(
QTeM 0
)
: Γ′′0 +
(
QTeM
′
0
)
: Γ′0 .
(42)
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If we use the relations (34)-(37) in (42) and substitute this in (41), we deduce the following successive expressions
∫ h/2
−h/2
Wb dx3 =
1
2
(
h+
h3
12
K
)[
QTe T 0 :
(
Ee +
(
QTe α− n0
)
⊗ n0
)
+
(
QTeM0
)
:Ke
]
+
h3
24
{
T 0 :
[
Grads β + 2
(
Gradsα
)
b+ 2
(
Gradsm
)
b2 + γ ⊗ n0
]
+T ′0 :
[
Gradsα+
(
Gradsm
)
b+ β ⊗ n0
]
+ 2
(
QTeM 0
)
:
(
Keb2
)
+
(
QTeM
′
0
)
:
(
Keb
)
−4H T 0 :
[
Gradsα+
(
Gradsm
)
b+ β ⊗ n0
]
− 4H
(
QTeM0
)
:
(
Keb
)}
+ o(h3)
or, using the decomposition T 0 = T 0a+ T 0n0 ⊗ n0 ,∫ h/2
−h/2
Wb dx3 =
1
2
(
h+
h3
12
K
)[(
QTe T 0a
)
: Ee +
(
QTe T 0n0
)
·
(
QTe α− n0
)
+
(
QTeM0
)
:Ke
]
+
h3
24
{(
T 0a
)
:
[
Grads β + 2
(
Gradsα
)
b+ 2
(
Gradsm
)
b2
]
+
(
T 0n0
)
· γ
+
(
T ′0a
)
:
[
Gradsα+
(
Gradsm
)
b
]
+
(
T ′0n0
)
· β + 2
(
QTeM0
)
:
(
Keb2
)
+
(
QTeM
′
0
)
:
(
Keb
)
−4H
(
T 0a
)
:
[
Gradsα+
(
Gradsm
)
b
]
− 4H
(
T 0n0
)
· β − 4H
(
QTeM0
)
:
(
Keb
)}
+ o(h3).
Making some further calculations using (17) and (18), we obtain
∫ h/2
−h/2
Wb dx3 =
1
2
(
h−K
h3
12
)[(
QTe T 0a
)
: Ee +
(
QTeM0
)
:Ke
]
+
1
2
(
h+
h3
12
K
)(
T 0n0
)
·
(
α− d3
)
+
h3
24
{(
T ′0a
)
:
[
Gradsα+
(
Gradsm
)
b
]
+
(
T ′0n0
)
· β +
(
QTeM
′
0
)
:
(
Keb
)
+
(
T 0a
)
:
[
Grads β − 2
(
Gradsα
)
b∗ − 2K
(
Qea
)]
+
(
T 0n0
)
·
(
γ − 4Hβ
)}
+ o(h3).
(43)
4.2 Reduced form of the strain energy density
The expression (43) of the strain energy density per unit area of ωξ can be further reduced, provided we make
some assumptions and simplifications which are common in the classical shell theory. Thus, let us denote by
t± the stress vectors on the major faces (upper and lower surfaces) of the shell, given by x3 = ±
h
2
. We notice
that n0 is orthogonal to the major faces and write
t+ = T
(
xα ,
h
2
)
n0 = T 0n0 +
h
2
T ′0n0 +
h2
8
T ′′0n0 +O(h
3),
t− = T
(
xα ,
−h
2
)
(−n0) = −T 0n0 +
h
2
T ′0n0 −
h2
8
T ′′0n0 + O(h
3),
which yields
t+ + t− = hT ′0n0 +O(h
3) and t+ − t− = 2T 0n0 +O(h
2). (44)
We assume as in the classical theory that t± are of order O(h3) and from (44) we find
T 0n0 = O(h
2) and T ′0n0 = O(h
2). (45)
On the basis of (45) and following the same rational as in the classical shell theory (see, e.g. [29]), we shall
neglect these quantities and replace
T 0n0 = 0 and T
′
0n0 = 0 (46)
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in all terms of the energy density (43). Moreover, we regard the relations (46) as two equations for the
determination of the vectors α and β in the expansion (31). Thus, from (43) and (46) we obtain∫ h/2
−h/2
Wb dx3 =
1
2
(
h−K
h3
12
)[(
QTe T 0a
)
: Ee +
(
QTeM 0
)
:Ke
]
+
h3
24
{(
T ′0a
)
:
[
Gradsα+
(
Gradsm
)
b
]
+
(
QTeM
′
0
)
:
(
Keb
)
+
(
T 0a
)
:
[
Grads β − 2
(
Gradsα
)
b∗ − 2K
(
Qea
)]}
.
(47)
In view of (34)-(36), the equations (46) can be written in the form[
C :
(
Ee +
(
QTe α− n0
)
⊗ n0
)]
n0 = 0,[
C :
(
QTe Gradsα+ (E
e + a)b+QTe β ⊗ n0
)]
n0 = 0.
(48)
The first equation (48)1 can be used to determine the vector α : we obtain successively[
(µ+ µc)a+ (λ + 2µ)n0 ⊗ n0
](
QTe α− n0
)
= −
(
C : Ee
)
n0 ,
or equivalently,
QTe α− n0 = −
[ 1
µ+ µc
a+
1
λ+ 2µ
n0 ⊗ n0
][
(µ− µc)
(
n0E
e
)
+ λ
(
trEe
)
n0
]
,
which yields (since Qen0 = Qed
0
3 = d3)
α =
(
1−
λ
λ+ 2µ
trEe
)
d3 −
µ− µc
µ+ µc
Qe
(
n0E
e
)
. (49)
Further, we solve the second equation (48)2 to determine the vector β. To this aim, we insert α given by (49)
into (48)2 and (in order to avoid quadratic terms and derivatives of the strain measures E
e,Ke) we use the
approximation
QTe Gradsα ≃ Q
T
e Gradsd3 .
Since QTe Gradsd3 = cK
e − b (see [3, f. (70)]), we use
QTe Gradsα = cK
e − b (50)
and the equation (48)2 becomes [
C :
(
Eeb+ cKe +QTe β ⊗ n0
)]
n0 = 0,
which can be solved similarly as the equation (48)1 and yields
β = −
λ
λ+ 2µ
tr
(
Eeb+ cKe
)
d3 −
µ− µc
µ+ µc
Qe
(
n0E
eb
)
. (51)
In view of (49)-(51), we can write the tensors E0 and E
′
0 in (36) and (34)2 in compact form
E0 = E
e −
[ λ
λ+ 2µ
(
trEe
)
n0 +
µ− µc
µ+ µc
(
n0E
e
)]
⊗ n0 = Ln0
(
Ee
)
,
E
′
0 =
(
Eeb+ cKe
)
−
[ λ
λ+ 2µ
tr
(
Eeb+ cKe
)
n0 +
µ− µc
µ+ µc
(
n0E
eb
)]
⊗ n0 = Ln0
(
Eeb+ cKe
)
,
(52)
where we have denoted for convenience with Ln0 the following linear operator
Ln0(X) := X −
λ
λ+ 2µ
(
trX
)
n0 ⊗ n0 −
µ− µc
µ+ µc
(
n0X
)
⊗ n0 for any X = Xiαa
i ⊗ aα. (53)
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To write the strain-energy density in a condensed form, we designate by
Wmixt(X ,Y ) := µ (symX) : (symY ) + µc(skewX) : (skewY ) +
λµ
λ+ 2µ
(
trX
) (
trY
)
= µ (dev3 symX) : (dev3 symY ) + µc(skewX) : (skewY ) +
2µ(2λ+ µ)
3(λ+ 2µ)
(
trX
) (
trY
) (54)
the bilinear form corresponding to the quadratic form
Wmixt(X) := Wmixt(X,X) = Wmp(X)−
λ2
2(λ+ 2µ)
(
trX
)2
= µ ‖ symX ‖2 + µc‖ skewX ‖
2 +
λµ
λ+ 2µ
(
trX
)2
.
(55)
For Cosserat shells, it is convenient to introduce the following bilinear form
WCoss(X,Y ) :=Wmixt(X,Y )−
(µ− µc)
2
2(µ+ µc)
(
n0X
)
·
(
n0Y
)
(56)
for any two tensors of the form X = Xiαa
i ⊗ aα, Y = Yiαa
i ⊗ aα, and the corresponding quadratic form
WCoss(X) :=WCoss(X ,X) = Wmixt(X)−
(µ− µc)
2
2(µ+ µc)
‖n0X‖
2, (57)
where n0X = X3αa
α. We shall prove later that the quadratic form WCoss(X) is positive definite, see (105).
With these notations, we can prove by a straightforward calculation the following useful relation
WCoss(X) =
1
2
X : C : Ln0(X) for any X = Xiαa
i ⊗ aα. (58)
Indeed, we have from (11), (53), (55), (57)
X : C : Ln0(X) =X : C :X −X : C :
[ λ
λ+ 2µ
(
trX
)
n0 ⊗ n0 +
µ− µc
µ+ µc
(
n0X
)
⊗ n0
]
= 2Wmp(X)−X :
[ λ2
λ+ 2µ
(
trX
)
13 + (µ− µc)
(
n0X
)
⊗ n0 +
(µ− µc)
2
µ+ µc
n0 ⊗
(
n0X
)]
= 2Wmp(X)−
λ2
λ+ 2µ
(
trX
)2
−
(µ− µc)
2
µ+ µc
‖n0X‖
2
= 2Wmixt(X)−
(µ− µc)
2
µ+ µc
‖n0X‖
2 = 2WCoss(X)
and the relation (58) is proved.
Now, we can simplify the terms appearing in the strain-energy density (47): making use of (46), (50), (52)
and (58) we find(
QTe T 0a
)
: Ee = Ee :
(
QTe T 0
)
= Ee :
(
C : E0
)
= Ee : C : Ln0
(
Ee
)
= 2WCoss
(
Ee
)
(59)
and(
T ′0a
)
:
[
Gradsα+
(
Gradsm
)
b
]
=
(
QTe T
′
0a
)
:
[(
cKe − b
)
+
(
Ee + a
)
b
]
=
(
QTe T
′
0
)
:
(
Eeb+ cKe
)
=
(
Eeb+ cKe
)
:
(
C : E
′
0
)
=
(
Eeb+ cKe
)
: C : Ln0
(
Eeb+ cKe
)
= 2WCoss
(
Eeb+ cKe
) (60)
and(
T 0a
)
:
[(
Gradsα
)
b∗ +K
(
Qea
)]
=
(
QTe T 0a
)
:
[(
cKe − b
)
b∗ +Ka
]
=
(
QTe T 0
)
:
(
cKeb∗
)
=
(
C : E0
)
:
(
cKeb∗
)
=
[
2µ symE0 + 2µc skewE0 + λ(trE0)13
]
:
(
cKeb∗
)
= 2µ sym
(
Ee
)
: sym
(
cKeb∗
)
+ 2µc skew
(
Ee) : skew
(
cKeb∗
)
+
2λµ
λ+ 2µ
tr
(
Ee
)
tr
(
cKeb∗
)
= 2WCoss
(
Ee , cKeb∗
)
,
(61)
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since trE0 =
2µ
λ+ 2µ
trEe and the tensor cKeb∗ is a planar tensor with basis {aα ⊗ aβ}.
Further, the two terms involving the bending-curvature tensor Ke in the strain-energy density (47) can be
transformed as follows: by virtue of (9), (11) and (37) we have(
QTeM0
)
:Ke =Ke :
(
G : Γ0
)
=Ke : G :Ke = 2Wcurv
(
Ke
)
(62)
and (
QTeM
′
0
)
:
(
Keb
)
=
(
Keb
)
:
(
G : Γ′0
)
=
(
Keb
)
: G :
(
Keb
)
= 2Wcurv
(
Keb
)
. (63)
Finally, the term (T 0a) : Gradsβ appearing in the strain-energy density (47) can be discarded. To justify
this, we proceed as in the classical shell theory, see e.g. [28, 29]: the three-dimensional equilibrium equation
DivT = 0 can be written as T ,i g
i = 0 , or equivalently
T ,α g
α + T ′n0 = 0.
Therefore, on the midsurface x3 = 0 we have
T 0,αa
α + T ′0n0 = 0. (64)
On the other hand, we see that
T 0,αa
α =
(
T 0a+ T 0n0 ⊗ n0
)
,α a
α =
(
T 0a
)
,α a
α + T 0n0
(
n0,α · a
α
)
= Divs(T 0a)− 2H T 0n0 .
Inserting the last relation into (64) we find
Divs(T 0a) + T
′
0n0 − 2H T 0n0 = 0. (65)
With help of (46), (65) and the divergence theorem for surfaces we get∫
ωξ
(
T 0a
)
:
(
Grads β
)
da =
∫
ωξ
[
Divs
(
β(T 0a)
)
− β ·Divs(T 0a)
]
da =
=
∫
∂ωξ
β
(
T 0a
)
· ν dℓ−
∫
ωξ
β ·
(
2H T 0n0 − T
′
0n0
)
da =
∫
∂ωξ
β ·
(
T 0a
)
ν dℓ ,
(66)
where ν is the unit normal to the boundary curve ∂ωξ lying in the tangent plane. The last integral in (66)
represents a prescribed constant (determined by the boundary data on ∂ωξ), which can be omitted, since its
variation vanishes identically and thus does not influence the minimizers of the energy functional.
In conclusion, using the results (59)-(63) in the equation (47) we obtain the following expression of the areal
strain-energy density for Cosserat shells
Wshell(E
e,Ke) =
(
h−K
h3
12
)[
WCoss
(
Ee
)
+Wcurv
(
Ke
)]
+
h3
12
[
WCoss
(
Eeb+ cKe
)
− 2WCoss
(
Ee , cKeb∗
)
+Wcurv
(
Keb
)]
,
(67)
where WCoss is defined by (56), (57) (see also equations (94) and (105)) and Wcurv is given in (8). This is the
elastically stored strain-energy density for our model, which determines the constitutive equations. In Section
5 we shall present a useful alternative form of the energy Wshell(E
e,Ke), together with explicit stress-strain
relations (see (106), (112)).
4.3 The field equations for Cosserat shells
For the sake of completeness, we record here the governing field equations of the derived shell model.
We deduce the form of the equilibrium equations for Cosserat shells from the condition that the solution is
a stationary point of the energy functional I , i.e. we impose that the variation of the energy functional is zero:
δI = 0 , with I =
∫
ωξ
Wshell(E
e,Ke) da. (68)
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For simplicity we have assumed in (68) that the external body loads are vanishing and the boundary conditions
are null. To compute the variation δI we write
δWshell(E
e,Ke) =
∂Wshell
∂Ee
:
(
δEe
)
+
∂ Wshell
∂Ke
:
(
δKe
)
=
(
QTeN
)
:
(
δEe
)
+
(
QTeM
)
:
(
δKe
)
, (69)
where we have introduced the tensors N and M such that
QTeN =
∂ Wshell
∂Ee
and QTeM =
∂Wshell
∂Ke
. (70)
Let us denote by
F s := Gradsm = m,α⊗a
α (71)
the shell deformation gradient (i.e., the surface gradient of the midsurface deformation m). Then, in view of
(35)1 we have E
e = QTe F s − a and, hence,
δEe = δ
(
QTe F s − a
)
= δ
(
QTe Gradsm
)
= (δQe)
TGradsm+Q
T
e Grads
(
δm
)
. (72)
To compute δQe , we notice that the tensor (δQe)Q
T
e is skew-symmetric and we denote
Ω := (δQe)Q
T
e , ω := axl(Ω), with Ω = ω × 13 . (73)
In the above relations, the axial vector ω is the virtual rotation vector and δm is the virtual translation. From
(73) we get
δQe = ΩQe = −(Q
T
e Ω)
T (74)
and substituting into (72) we obtain
δEe = QTe
(
Grads(δm)−ΩF s
)
. (75)
Further, in order to compute δKe , we recall the formula (see [6, f. (63)])
Ke =
1
2
[
QTe
(
di ×Grads di
)
− d0i ×Grads d
0
i
]
(76)
and write (in view of (74))
δdi = δ
(
Qed
0
i
)
= (δQe)d
0
i = ΩQed
0
i = Ωdi = ω × di . (77)
Then, from (76) it follows
δKe =
1
2
δ
[
QTe
(
di ×Grads di
)]
=
1
2
[
(δQe)
T
(
di ×Grads di
)
+QTe
(
(δdi)×Grads di
)
+QTe
(
di ×Grads(δdi)
)]
=
1
2
QTe
[
−Ω
(
di ×Grads di
)
+ (Ωdi)×Grads di + di ×Grads(Ωdi)
]
=
1
2
QTe
[
− ω ×
(
di ×Grads di
)
+ (ω × di)×Grads di + di ×Grads(ω × di)
]
.
(78)
By virtue of the Jacobi identity for the cross product, we have
−ω ×
(
di ×Grads di
)
+ (ω × di)×Grads di = −di ×
(
ω ×Grads di
)
and inserting this in (78) we get
δKe =
1
2
QTe
[
di ×
(
Grads(ω × di)− ω ×Grads di
)]
. (79)
For the square brackets in (79) we can write
di ×
(
Grads(ω × di)− ω ×Grads di
)
= −di ×
(
di ×Gradsω
)
= 2Grads ω , (80)
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since
−di ×
(
di × ω,α
)
= −(di · ω,α )di + (di · di)ω,α= −ω,α+3ω,α= 2ω,α .
We substitute (80) into (79) and find
δKe = QTe Gradsω. (81)
By virtue of (75) and (81), the relation (69) becomes
δWshell = N :
(
Grads(δm)−ΩF s
)
+M : Gradsω . (82)
We can rewrite the term N : (ΩF s) as follows
N : (ΩF s) = −Ω : (F sN
T ) = −ω · axl
(
F sN
T −NF Ts
)
, (83)
since
Ω :X = axl(Ω) · axl(X −XT )
for any second order tensor X and any skew-symmetric tensor Ω. We use (83) in (82) and deduce
δWshell = N : Grads(δm) +M : Gradsω + axl
(
F sN
T −NF Ts
)
· ω . (84)
For the first two terms in the right-hand side of equation (84) we employ relations of the type
S : Gradsv = Divs(S
Tv)−
(
DivsS
)
· v ,
together with the divergence theorem on surfaces. Thus, in view of the null boundary conditions on ∂ωξ we
derive∫
ωξ
N : Grads(δm) da =
∫
∂ωξ
(δm) · (Nν) dℓ −
∫
ωξ
(
DivsN
)
· (δm) da = −
∫
ωξ
(
DivsN
)
· (δm) da (85)
and similarly ∫
ωξ
M : Gradsω da = −
∫
ωξ
(
DivsM
)
· ω da. (86)
Finally, in view of (84)-(86) we obtain
0 = δ I =
∫
ωξ
δWshell da = −
∫
ωξ
[(
DivsN
)
· (δm) +
(
DivsM + axl
(
NF Ts − F sN
T
))
· ω
]
da, (87)
for any virtual translation δm and any virtual rotation ω = axl
(
(δQe)Q
T
e
)
. Relation (87) yields the following
local forms of the equilibrium equations
DivsN = 0 and DivsM + axl
(
NF Ts − F sN
T
)
= 0. (88)
Remark: The principle of virtual work for 6-parameter shells corresponding to equation (87) has been
presented in [13, 7]. 
If we consider now external body forces f and couples c , we can write the equilibrium equations for Cosserat
shells in the general form (see, e.g. [13, 7])
DivsN + f = 0, DivsM + axl
(
NF Ts − F sN
T
)
+ c = 0. (89)
The tensors N and M are the internal surface stress tensor and the internal surface couple tensor (of the first
Piola-Kirchhoff type), respectively. They are given by the relations (70).
The general form of the boundary conditions of mixed type on ∂ωξ is (see, e.g. [12, 23, 4])
Nν = N∗, Mν =M∗ along ∂ωf ,
m = m∗, Qe = Q
∗ along ∂ωd ,
(90)
where ∂ωf and ∂ωd build a disjoint partition of the boundary curve ∂ωξ . Here, N
∗ and M∗ are the external
boundary force and couple vectors respectively, applied along the deformed boundary curve, but measured per
unit length of ∂ωf . On the portion of the boundary ∂ωd we have Dirichlet-type boundary conditions for the
deformation vector m and the microrotation tensor Qe .
Using the obtained form of the energy density (67) and the relations (70), we can give the stress-strain
relations in explicit form for our shell model. These will be written in the next section.
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5 Remarks and discussions on the Cosserat shell model
In this section we write the strain-energy density (67) in some alternative useful forms and give the explicit
expression for the constitutive equations (70). This allows us to compare the derived shell model with other
approaches to 6-parameter shells and with the classical Koiter shell model.
We notice that the shell strain measures Ee and Ke (as well as the shell stress tensors QTeN and Q
T
eM)
are tensors of the form X = Xiαa
i⊗aα (where a3 = n0). In what follows, we shall decompose any such tensor
X = Xiαa
i ⊗ aα in its “planar” part aX = Xβαa
β ⊗ aα and its “transversal” part n0X = X3αa
α according
to
X = 13X = (a+ n0 ⊗ n0)X = aX + n0 ⊗ (n0X). (91)
Note that aX is a planar tensor in the tangent plane, while n0X is a vector in the tangent plane. For instance,
the decomposition of the shell strain tensor Ee yields
Ee = aEe + n0 ⊗ (n0E
e), aEe = Eeβαa
β ⊗ aα, n0E
e = Ee3αa
α, (92)
where n0E
e describes the transverse shear deformations and aEe the in-plane deformation of the shell.
With this representation, we can decompose the constitutive equations (70) in the following way
aQTeN =
∂Wshell
∂(aEe)
, n0Q
T
eN =
∂Wshell
∂(n0E
e)
, aQTeM =
∂Wshell
∂(aKe)
, n0Q
T
eM =
∂Wshell
∂(n0K
e)
. (93)
5.1 Explicit stress-strain relations
In order to write the stress-strain relations explicitly, let us put the equations (56) and (57) in the forms
WCoss(X,Y ) = µ sym(aX) : sym(aY ) + µc skew(aX) : skew(aY ) +
λµ
λ+ 2µ
(
trX
) (
trY
)
+
2µµc
µ+ µc
(
n0X
)
·
(
n0Y
)
,
WCoss(X) = µ ‖sym(aX)‖
2 + µc‖skew(aX)‖
2 +
λµ
λ+ 2µ
(
trX
)2
+
2µµc
µ+ µc
‖n0X‖
2
(94)
and note that trX = tr(aX). Suggested by (94), we introduce the fourth order planar tensor CS of elastic
moduli for the shell
CS = C
αβγδ
S aα ⊗ aβ ⊗ aγ ⊗ aδ with
C
αβγδ
S = µ
(
aαγaβδ + aαδaβγ
)
+ µc
(
aαγaβδ − aαδaβγ
)
+
2λµ
λ+ 2µ
aαβaγδ .
(95)
Then, the tensor CS satisfies the major symmetries C
αβγδ
S = C
γδαβ
S and we have
CS : T = 2µ symT + 2µc skewT +
2λµ
λ+ 2µ
(
trT
)
a , (96)
for any planar tensor T = Tαβa
α⊗aβ . Due to the symmetry, the relations (94) can be written in a simple way
WCoss(X ,Y ) =
1
2
(aX) : CS : (aY ) +
2µµc
µ+ µc
(
n0X
)
·
(
n0Y
)
=
1
2
C
αβγδ
S XαβYγδ +
2µµc
µ+ µc
X3αY3α,
WCoss(X) =
1
2
(aX) : CS : (aX) +
2µµc
µ+ µc
‖n0X‖
2,
(97)
for any tensors X = Xiαa
i ⊗ aα, Y = Yiαa
i ⊗ aα.
Similarly, the quadratic form Wcurv defined by (8) can be put in the form
Wcurv(X) = µL
2
c
(
b1‖sym(aX)‖
2 + b2‖skew(aX)‖
2 +
(
b3 −
b1
3
)(
trX
)2
+
b1 + b2
2
‖n0X‖
2
)
=
1
2
(aX) : GS : (aX) + µL
2
c
b1 + b2
2
‖n0X‖
2 =
1
2
G
αβγδ
S XαβXγδ + µL
2
c
b1 + b2
2
X3αX3α
(98)
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for any tensor X = Xiαa
i ⊗ aα, where the fourth order planar tensor GS is given by
GS = G
αβγδ
S aα ⊗ aβ ⊗ aγ ⊗ aδ with
G
αβγδ
S = µL
2
c
(
b1
(
aαγaβδ + aαδaβγ
)
+ b2
(
aαγaβδ − aαδaβγ
)
+
(
b3 −
b1
3
)
aαβaγδ
)
.
(99)
We see that GαβγδS = G
γδαβ
S and for any planar tensor T = Tαβa
α ⊗ aβ it holds
GS : T = 2µL
2
c
(
b1 symT + b2 skewT +
(
b3 −
b1
3
)(
trT
)
a
)
. (100)
In order to show that the quadratic forms WCoss and Wcurv are positive definite, let us introduce the surface
deviator operator devs defined by [7]
devsX := X −
1
2
(
trX
)
a. (101)
According to Lemma 2.1 in [7] we can decompose any tensor X = Xiαa
i ⊗ aα as a direct sum (orthogonal
decomposition) as follows
X = devssymX + skewX +
1
2
(
trX
)
a . (102)
Then, relations (101) and (102) imply
symX = devssymX +
1
2
(
trX
)
a and ‖symX‖2 = ‖devssymX‖
2 +
1
2
(
trX
)2
. (103)
Substituting (103) into the relations (96) and (100), we get (for any T = Tαβa
α ⊗ aβ)
CS : T = 2µ devssymT + 2µc skewT +
µ(3λ+ 2µ)
λ+ 2µ
(
trT
)
a ,
GS : T = 2µL
2
c
(
b1 devssymT + b2 skewT +
(
b3 +
b1
6
)(
trT
)
a
) (104)
and the quadratic forms (94)2 and (98) become
WCoss(X) = µ ‖devssym(aX)‖
2 + µc‖skew(aX)‖
2 +
µ(3λ+ 2µ)
2(λ+ 2µ)
(
trX
)2
+
2µµc
µ+ µc
‖n0X‖
2,
Wcurv(X) = µL
2
c
(
b1‖devssym(aX)‖
2 + b2‖skew(aX)‖
2 +
(
b3 +
b1
6
)(
trX
)2
+
b1 + b2
2
‖n0X‖
2
)
.
(105)
Under the usual assumptions on the material constants µ > 0, 3λ+ 2µ > 0 (from classical elasticity), together
with µc > 0 and bi > 0, we see now that the quadratic forms (105) are positive definite, since all the coefficients
are positive.
Finally, we substitute (97), (98) in the strain-energy density (67) and performing the differentiation according
to the relations (93), we obtain the following explicit forms of the constitutive equations for the internal surface
stress tensor QTeN and the internal surface couple tensor Q
T
eM of Cosserat shells
QTeN = aQ
T
eN + n0 ⊗ (n0Q
T
eN), Q
T
eM = aQ
T
eM + n0 ⊗ (n0Q
T
eM)
with
aQTeN =
(
h−K
h3
12
)
CS :
(
aEe
)
+
h3
12
[
CS :
(
aEeb+ cKe
)]
b−
h3
12
CS :
(
cKeb∗
)
,
n0Q
T
eN =
4µµc
µ+ µc
[(
h− 2K
h3
12
)(
n0E
e
)
+ 2H
h3
12
(
n0E
eb
)]
,
aQTeM =
(
h−K
h3
12
)
GS :
(
aKe
)
+
h3
12
c
[
CS :
(
aEeb+ cKe
)]
−
h3
12
c
[
CS :
(
aEe
)]
b∗
+
h3
12
[
GS :
(
aKeb
)]
b ,
n0Q
T
eM = µL
2
c (b1 + b2)
[(
h− 2K
h3
12
)(
n0K
e
)
+ 2H
h3
12
(
n0K
eb
)]
,
(106)
where the tensors of elastic moduli CS and GS are given in (95), (96) and (99), (100).
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5.2 Comparison with other 6-parameter shell models
We present a detailed comparison with the related shell model of order O(h5) which has been presented recently
in [3]. The Cosserat shell model derived in [3] has many similarities with the present model, but there are also
some differences, which we indicate now.
First of all, the derivation method and starting point in [3] is different, since the deformation function ϕ is
assumed to be quadratic in x3 . More precisely, the following ansatz is adopted (see [3, f. (65)])
ϕ(xi) =m(x1, x2) + x3 α(x1, x2)d3 +
x23
2
β(x1, x2)d3 . (107)
If we compare this ansatz with the expansion (31), we see the assumption (107) is more restrictive.
On the other hand, the hypotheses (46) from the classical shell theory were replaced in [3] by the weaker
requirements (see [3, f. (60)])
n0 · T 0n0 = 0 and n0 · T
′
0n0 = 0, (108)
i.e. only the normal components of the stress vectors t+ , t− on the upper and lower surfaces of the shell
are assumed to be zero. The two scalar equations (108) are then employed in [3] to determine the two scalar
coefficients α(x1, x2) and β(x1, x2) appearing in (107). Moreover, we note that the paper [3] presents a shell
model of order O(h5).
This different approach leads to a slightly different form of the strain-energy density. If we retain only the
terms up to the order O(h3) in the strain-energy density (see [3, f. (104)]), we get
Ŵshell(E
e,Ke) =
(
h−K
h3
12
)[
Wmixt
(
Ee
)
+Wcurv
(
Ke
)]
+
h3
12
[
Wmixt
(
Eeb+ cKe
)
− 2Wmixt
(
Ee , cKeb∗
)
+Wcurv
(
Keb
)]
,
(109)
where Wmixt is given by (54). We compare this expression with our energy (67). Using the decomposition of
tensors in planar and transversal parts (91), we deduce from (54) and (56) the relations
Wmixt(S,T ) =Wmixt(aS,aT ) +
µ+ µc
2
(
n0S
)
·
(
n0T
)
,
WCoss(S,T ) =Wmixt(aS,aT ) +
2µµc
µ+ µc
(
n0S
)
·
(
n0T
)
.
(110)
Thus, using the relation (110)1 the strain-energy density (109) (obtained in [3] for order O(h
3)) becomes
Ŵshell(E
e,Ke) =
(
h−K
h3
12
)[
Wmixt
(
aEe
)
+
µ+ µc
2
‖n0E
e‖2 +Wcurv
(
Ke
)]
+
h3
12
[
Wmixt
(
aEeb+ cKe
)
+
µ+ µc
2
‖n0E
eb‖2 − 2Wmixt
(
aEe , cKeb∗
)
+Wcurv
(
Keb
)]
.
(111)
On the other hand, our strain-energy density (67) can be written with the help of (110)2 in the following
alternative form
Wshell(E
e,Ke) =
(
h−K
h3
12
)[
Wmixt
(
aEe
)
+
2µµc
µ+ µc
‖n0E
e‖2 +Wcurv
(
Ke
)]
+
h3
12
[
Wmixt
(
aEeb+ cKe
)
+
2µµc
µ+ µc
‖n0E
eb‖2 − 2Wmixt
(
aEe , cKeb∗
)
+Wcurv
(
Keb
)]
.
(112)
By comparison of (111) and (112) we see that the only difference between these two strain-energy densities
resides in the coefficients of the transverse shear deformation terms ‖n0E
e‖2 and ‖n0E
eb‖2. All other terms
and coefficients in (111) and (112) are identical.
Note that the transverse shear coefficient in the present model (112) is the harmonic mean
2µµc
µ+ µc
, while
in the energy density (111) (derived in [3]) it is the arithmetic mean
µ+ µc
2
. We mention that the same
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coefficient
2µµc
µ+ µc
for the transverse shear energy has been obtained using Γ-convergence in [21] in the case of
plates. This confirms the result (112) obtained in our present work. We remind that this coefficient is adjusted
in many plate and shell models by a correction factor, the so-called shear correction factor (see for instance the
discussions in [1, 9, 30]).
Further remarks:
1. We remark that the strain-energy density (112) obtained in this paper satisfies the invariance properties
required by the local symmetry group of isotropic 6-parameter shells. These invariance requirements have been
established in a general theoretical framework in [13, Section 9].
2. The form of the constitutive relation (112) (equivalent to (67)) is remarkable, since one cannot find in
the literature on 6-parameter shells appropriate expressions of the strain-energy density Wshell(E
e,Ke) with
coefficients depending on the initial curvature b and expressed in terms of the three-dimensional material
constants. Indeed, the strain-energy densities proposed in the literature are either simple expressions with
constant coefficients (see, e.g. [4, f. (72)], [7, f. (50)], [8, 9]), or general quadratic forms of Ee, Ke with
unidentified coefficients (see, e.g. [13, f. (52)].
3. We mention that the numerical treatment for the related planar Cosserat shell model derived in [17, 19]
has been presented in [26], using geodesic finite elements.
4. If the thickness h is sufficiently small, one can show that the strain-energy density Wshell(E
e,Ke) is a
coercive and convex function of its arguments. Then, in view of Theorem 6 from [4], one can prove the existence
of minimizers for our nonlinear Cosserat shell model.
5.3 Relation to the classical Koiter shell model
In this section, we discuss the relation to the classical shell theory and show that our strain-energy density (112)
can be reduced, in a certain sense, to the strain-energy of the classical Koiter model.
Thus, if we consider that the three-dimensional material is a Cauchy continuum (with no microrotation),
then the Cosserat couple modulus and the curvature energy Wcurv are vanishing in the model (6)-(7):
µc = 0, Wcurv ≡ 0. (113)
Hence, the fourth order constitutive tensor for shells (95) reduces to
C
αβγδ
S = µ
(
aαγaβδ + aαδaβγ
)
+
2λµ
λ+ 2µ
aαβaγδ , (114)
which coincide with the tensor of linear plane-stress elastic moduli, that appears in the Koiter model (see, e.g.
[15], [11, Sect. 4.1], [29, f. (101)]). In view of (55) and (113)1 , we notice that in this case
Wmixt(S) =WKoit(S), (115)
where
WKoit(S) := µ ‖symS‖
2 +
λµ
λ+ 2µ
(trS)2 (116)
is the quadratic form appearing in the Koiter model. We remind that the areal strain-energy density for Koiter
shells has the expression [15, 11, 29]
hWKoit(ε) +
h3
12
WKoit(ρ), (117)
where the change of metric tensor ε and the change of curvature tensor ρ are the nonlinear shell strain measures,
which are given by
ε =
1
2
(
m,α ·m,β −aαβ
)
aα ⊗ aβ =
1
2
[
(Gradsm)
T (Gradsm)− a
]
,
ρ =
(
n ·m,αβ −n0 · aα,β
)
aα ⊗ aβ = −(Gradsm)
T (Gradsn)− b .
(118)
Here, n designates the unit normal vector to the deformed midsurface and we note that ε and ρ are symmetric
planar tensors.
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To obtain the classical shell model as a special case of our approach, we adopt the Kirchhoff-Love hypotheses.
Thus, we assume that the reference unit normal n0 becomes after deformation the unit normal to the deformed
midsurface, i.e. n0 transforms to n. But since we have Qen0 = Qed
0
3 = d3 , this assumption means that
n = d3 . (119)
Then, we have d3 ·m,α= n ·m,α= 0 and the transverse shear deformations vanishes, since
n0E
e = n0
(
QTe Gradsm− a
)
=
(
n0Q
T
e
)
Gradsm = d3
(
m,α⊗a
α
)
= (d3 ·m,α )a
α = 0. (120)
This shows that the strain shell tensor is a planar tensor in this case, i.e.
Ee = Eeαβa
α ⊗ aβ and aEe = Ee.
In view of (113), (120) and b b∗ = Ka , we can put the strain-energy density (112) in the following reduced
form
W˜shell =
(
h+K
h3
12
)
Wmixt
(
Ee
)
+
h3
12
Wmixt
(
Eeb+ cKe
)
− 2
h3
12
Wmixt
(
Ee , (Eeb+ cKe)b∗
)
. (121)
We see that the right-hand side of (121) is a quadratic form of the planar tensors Ee and Eeb+ cKe. Let us
express these two tensors in terms of the Koiter shell strain measures ε and ρ.
From (118)1 and (35)1 it follows
ε =
1
2
[
(QTe Gradsm)
T (QTe Gradsm)− a
]
=
1
2
[
(Ee + a)T (Ee + a)− a
]
=
1
2
(
Ee,TEe + aEe +Ee,Ta) =
1
2
Ee,TEe + sym
(
aEe
)
,
(122)
which means
symEe = ε −
1
2
Ee,TEe . (123)
Similarly, using (118)2 , (119) and the relation Q
T
e Gradsd3 = cK
e − b (see [3, f. (70)]), we find
ρ = −(QTe Gradsm)
T (QTe Gradsd3)− b = −(E
e + a)T (cKe − b)− b
= −Ee,T cKe − cKe +Ee,T b = −Ee,T cKe −
(
Eeb+ cKe
)
+ 2
(
symEe
)
b .
(124)
Substituting (123) in (124), we derive
Eeb+ cKe = 2 ε b− ρ−Ee,T (Eeb+ cKe). (125)
With the help of (123) and (125) we can write now the strain-energy (121) as a function of the strain measures
ε and ρ : for the first term in (121) we obtain (from (116) and (122))
WKoit(ε) = µ ‖ ε ‖
2 +
λµ
λ+ 2µ
(
tr ε
)2
= µ ‖ symEe +
1
2
Ee,TEe ‖2 +
λµ
λ+ 2µ
[
tr
(
symEe +
1
2
Ee,TEe
)]2
.
(126)
Since our model is physically linear (the strain-energy is quadratic in the strain measures) we can neglect the
terms in (126) which are more than quadratic in Ee and find
WKoit(ε) = µ ‖ symE
e ‖2 +
λµ
λ+ 2µ
(
trEe
)2
i.e.
hWKoit(ε) = hWmixt(E
e). (127)
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Thus, the extensional part of our strain-energy density (121) coincides in this case with the extensional part of
the Koiter model (117).
Similarly, we compute the other two terms of the energy (121) and discard the terms which are over-quadratic
in the strain measures Ee, Ke : in view of (115) and (125) we have
WKoit(ρ) = Wmixt(ρ) = Wmixt
(
2 ε b− (Eeb+ cKe)−Ee,T (Eeb+ cKe)
)
= Wmixt
(
2 ε b− (Eeb+ cKe)
)
= Wmixt
(
Eeb+ cKe
)
+ 4Wmixt
(
ε b
)
− 4Wmixt
(
ε b , Eeb+ cKe
)
.
It follows
Wmixt(E
eb+ cKe) = WKoit(ρ)− 4Wmixt
(
ε b
)
+ 4Wmixt
(
ε b , Eeb+ cKe
)
and inserting (125) here we find for the second term in the energy (121):
Wmixt(E
eb+ cKe) = WKoit(ρ)− 4Wmixt
(
ε b
)
+ 4Wmixt
(
ε b , 2 ε b− ρ
)
= WKoit(ρ) + 4Wmixt
(
ε b
)
− 4Wmixt
(
ε b , ρ
)
.
(128)
For the last term in (121) we write with the help of (125):
(Eeb+ cKe)b∗ = 2K ε− ρ b∗ −Ee,T (Eeb+ cKe)b∗ (129)
and derive from (123) and (129)
Wmixt
(
Ee, (Eeb+ cKe)b∗
)
= Wmixt
(
symEe, 2K ε− ρb∗
)
= Wmixt
(
ε , 2K ε− ρ b∗
)
= 2KWKoit(ε)−Wmixt
(
ε , ρ b∗
)
,
(130)
We substitute (127), (128) and (130) into (121) and obtain
W˜shell(ε,ρ) =
(
h+K
h3
12
)
WKoit
(
ε
)
+
h3
12
(
WKoit(ρ) + 4Wmixt
(
ε b
)
− 4Wmixt
(
ε b , ρ
))
−2
h3
12
(
2KWKoit(ε)−Wmixt
(
ε , ρ b∗
))
,
which can be written in view of (115) in the form
W˜shell(ε,ρ) = hWKoit
(
ε
)
+
h3
12
WKoit(ρ) +
h3
12
[
4Wmixt
(
ε b , ε b− ρ
)
− Wmixt
(
ε , 3K ε− 2ρb∗
)]
. (131)
The terms in the square brackets in (131) involve the initial curvature of the shell through the tensor b , the
cofactor b∗ = 2Ha − b and the determinant K = det b (Gauß curvature). These terms vanish in the case of
plates (since b = 0); moreover, they can be neglected also for sufficiently thin shells, provided the midsurface
strain is small. We note that the corresponding terms in the classical shell theory have been neglected using
similar arguments, see the discussion about the term W3 in [29, f. (57)]. Finally, if we retain only the leading
extensional and bending terms in (131), we obtained the reduced classical form
W˜shell(ε,ρ) = hWKoit
(
ε
)
+
h3
12
WKoit(ρ) , (132)
in accordance with the Koiter energy density (117).
In conclusion, our model can be regarded as a generalization of the classical Koiter model in the framework
of 6-parameter shell theory.
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